CAY CAN BANG
1.CAY NHI PHAN CAN BANG HOAN TOAN

1.1. Binh nghia
Cay can bang hoan toan 1a cAy nhi phan tim kiém ma tai mdi nit cla
no, sO nut cuia cdy con trai chénh I¢ch khong qua mot so vdi s6 nlt cia cay

con phai.

1.2. Danh gia

Mot cay rat kho dat duoc trang thai can bang hoan toan va ciing rat dé
mat can bang vi khi thém hay huy cac nut trén cay c6 thé 1am cay mat can
bang, chi phi can bang lai cdy cao vi phai thao tac trén toan bo cay.

Pbi v6i cay can bang hoan toan, trong truong hop xau nhét ta chi
phai tim qua log,™ phan tir (N 13 s6 nut trén cay).
Sau ddy 14 vi du mot cy can bang hoan toan (CCBHT):

CCBHT ¢6 N nut c6 chiéu cao h ~ logaN. Pay chinh 14 1y do cho phép
bao dam kha niang tim kiém nhanh trén CTDL nay. Do CCBHT la mét ciu
trac kém On dinh nén trong thuc té khong thé str dung. Nhung vu diém cia
né lai rat quan trong. Vi vdy, can dua ra mét CTDL khac c6 dic tinh giéng
CCBHT nhung 6n dinh hon.



2. CAY NHI PHAN CAN BANG (AVL Tree)

2.1. Dinh nghia:
Cay nhj phan tim kiém can bang 1a cdy ma tai mdi nit cua n6 do cao
cua cdy con trai va cua cay con phai chénh I¢ch khong qua mot.

Duéi ddy 1a vi du cdy nhi phan can bang :

Dé dang thady CCBHT la ciy can bang. Diéu nguoc lai co thé khong
ding khong dung.

2.2. Lich str cdy cén bang (AVL Tree)

AVL 1a tén viét tat cua cac tac gia nguoi Nga di dua ra dinh nghia cta
cdy can bang Adelson-Velskii va Landis (1962). Vi 1y do ndy, ngudi ta goi
cay nhi phan can bang 1a cdy AVL. Tir cdy AVL, ngudi ta da phat trién thém
nhiéu loai CTDL hitu dung khac nhu cay do-den (Red-Black Tree), B-Tree,

2.3. Chiéu cao cua cdy AVL



Mot van dé quan trong, nhu di dé cip dén & phan trudc, 1a ta phai
khang dinh cdy AVL c6 N nut phéi c6 chiéu cao khoang log2(n).

Dé danh gia chinh xac vé chiéu cao cta cdy AVL, ta xét bai toan: cay
AVL c6 chiéu cao h s& phai c¢6 tdi thiéu bao nhiéu nit ?

Goi N(h) 1a s6 nit t6i thiéu cta cdy AVL c6 chiéu cao h.
Taco N(0)=0,N(1) =1vaN(2) =2.

Cay AVL ¢6 chiéu cao h s& co 1 cay con AVL chiéu cao h-1va 1 cay
con AVL chiéu cao h-2. Nhu viy:

N(h) = 1 + N(h-1) + N(h-2) (1)

Ta lai c6: N(h-1) > N(h-2)
Nén tur (1) suy ra:
N(h) > 2N(h-2)
N(h) > 22N(h-4)

N(h) > 2'N(h-2i)
i =h/2
N(h)>2"?
h < 2log2(N(h))
Nhu vay, cdy AVL c6 chiéu cao O(log2(n)).

Vi du: cdy AVL t6i thiéu c6 chiéu cao h=4



2.4. C4u trac dir liéu cho cay AVL

Chi s6 can bang cua mdt nit: Chi s6 can bang cia mot nut 1a hi¢u cua

chi€u cao cay con phai va cay con trai cia no.

Po6i v&i mot cay can bang, chi s can bang (CSCB) ctia moi nut chi co
thé nhan mot trong ba gia tri sau day:

CSCB(p) = 0 <=> D4 cao cay trai (p) = D0 cao cay phai (p)

CSCB(p) =1 <=> DJ cao cay trai (p) <D0 cao cay phai (p)

CSCB(p) =-1 <=>DJ cao cay trai (p) > Do cao cay phai (p)
Xét nut P, ta dung céc ky hi¢u sau:

P->balFactor = CSCB(P);

Do cao cay trai P ky hiéu 1a hjex
Do cao cay phai P ky hiéu 1a hyignt

D¢ khao sat cay can bang, ta can luu thém thong tin vé chi s6 can bang tai
moi nut. Luc do, cay can bang cé thé dugc khai bdo nhu sau:

typedef struct tagAVLNode



char balFactor; /Chi s can bang
Data key;

struct tagAVLNode* pLeft;
struct tagAVLNode* pRight;

}
AVLNode;

typedef AVLNode *AVLTree;

Pé tién cho viéc trinh bay, ta dinh nghia mot s6 hang s6 sau:
#define LH -1 //Cay con trai cao hon

#define EH -0 //Hai cay con bang nhau

#define RH 1 //Cay con phai cao hon

2.5. banh gia cay AVL
Cay can bang 1a CTDL 6n dinh hon CCBHT vi khi thém, hiy lam
cdy thay doi chiéu cao cac truong hop mat can bang méi c6 kha nang xay ra.

Cay AVL véi chiéu cao dugc khong ché s& cho phép thuc thi cac thao
tac tim, thém, huy véi chi phi O (log2(n)) va bao dam khong suy bién thanh
O(n).

3. CAC THAO TAC CO’'BAN TREN CAY AVL

Ta nhén thay truong hop thém hay huy mot phan tir trén ciy co thé
1am cay tang hay giam chiéu cao, khi d6 phai can bang lai cay.

Viéc can bﬁng lai mot cay s€ phai thyc hién sao cho chi anh huong tbi
thiéu dén cay nham giam thiéu chi phi cAn bang. Nhu di néi ¢ trén, cdy can



bang cho phép vi¢c can bang lai chi xay ra trong gidi han cuc bo nén ching
ta co thé thuc hién dugc muc ti€u vira néu.

Nhu vay, ngoai cdc thao tac binh thuong nhu trén CNPTK, céac thao
tac dic trung cua cidy AVL gom:

Thém mot phan tir vao cay AVL.

Huy mot phan ttr trén cdy AVL.

Can bﬁng lai mdt cay vura bi mat cin béng.

3.1. CAC TRUONG HOP MAT CAN BANG

Ta s& khong khdo sat tinh can bang ciia 1 ciy nhi phan bat ky ma chi
quan tam dén cac kha ning mat cin bang xay ra khi thém hodc hily mot nit
trén cay AVL.

Nhu vay, khi mat can bang, d6 1éch chiéu cao giita 2 cay con sé& 1a 2.
Ta c6 6 kha nang sau:

Trwong hop 1: cdy T léch vé bén trai (c6 3 kha nang)



Trwong hop 2: cdy T Iéch vé bén phai

Ta c6 cac kha nang sau:

Ta c6 thé thiy rang cac truong hop léch vé bén phai hoan toan ddi
xtng voi cac truong hop 1éch vé bén trai. Vi vay ta chi can khao sat truong




hop 1éch vé bén trai.
Trong 3 truong hop 1éch vé bén trai, truong hop T1 1éch phai 1a phic
tap nhat. Cac truong hop con lai giai quyét rat don gian.

Sau day, ta sé khao sat va giai quyét tieng trieoong hop néu trén
T/h 1.1: cay T1 léch vé bén trai. Ta thyuc hién phép quay don Left-Left




Ttoan quay don Left-Left:

B1l: Tlagbc; T1=T->pleft;
T->pLeft = T1->pRight;
T1->pRight =T;

B2:// dit lai chi s6 can bﬁng

Néu T1->balFactor = LH thi:
T->balFactor = EH;
T1->balFactor = EH;
break;

Néu T1->balFactor = EH thi:
T->balFactor = LH;
T1->balFactor = RH;
break;

B3:// T tré dén gbc méi
T=T1,

T/h 1.3: cdy T1 léch vé bén phai. Ta thuc hién phép quay kép Left-Right

Do T1 léch vé bén phai ta khong thé ap dung phép quay don di ap
dung trong 2 truong hop trén vi khi d6 cdy T sé& tir trang thai mat can bang
do 1éch trai thanh mat can bang do léch phai.

Hinh v€ dudi day minh hoa phép quay kép ap dung cho truong hop nay:



Ttoan quay kép Left - Right

B3:

Bl: gbc T;
T1 =T->plLeft; T2 = T1->pRight; T->pLeft = T2->pRight;
T2->pRight = T;T1->pRight = T2->pLeft; T2->pLeft = T1;
B2: //dit lai chi s6 can bﬁlng
Néu T2->balFactor = LH thi:
T->balFactor = RH; T1->balFactor = EH; break;
Néu T2->balFactor = EH thi:
T->balFactor = EH; T1->balFactor = EH; break;
Néu T2->balFactor = RH thi:
T->balFactor = EH; T1->balFactor = LH; break;

T2->balFactor = EH;
T=T2;
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Luu y rang, trudc khi can bang cay T co6 chiéu cao h+2 trong ca 3
truong hop 1.1, 1.2 va 1.3.

Sau khi can bang, trong 2 trudng hop 1.1 va 1.3 cay c6 chiéu cao h+1;
con & trudng hop 1.2 cay van ¢ chiu cao h+2. Va trudng hop nay ciing 1a
truong hop duy nhat sau khi can bang nit T cii ¢6 chi sé can bang khéc 0.

Thao tac can bang lai trong tt ca cac truong hop déu co do phirc tap O(1).
Vi nhimg xem xét trén, xét tuong tu cho truong hop cay T léch vé
bén phai, ta c6 thé xay dung 2 ham quay don va 2 ham quay kép sau:

3.2.THEM MOT PHAN TU’ TREN CAY AVL:

Viéc thém mot phan tir vao cdy AVL dién ra twong tu nhu trén
CNPTK. Tuy nhién, sau khi thém xong, néu chiéu cao ctia cay thay doi, tir vi
tri thém vao, ta phai tim nguoc 1én gbc dé kiém tra cac nhit bi mat cin bang
khong. Néu co, ta phai can bang lai ¢ nit nay.

TToan: Gia sir can thém vao modt nut mang thong tin X.

1. Tim kiém vi tri thich hop dé thém nut X (dua ra thong bao néu da
6 nit X r6i)

2. Thém nat X vao cay

3. Can bang lai cay.

3.3. HUY MOT PHAN TU’ TREN CAY AVL:

Ciing gidng nhu thao tic thém mot nat, viéc huy mot phan tir X ra
khoi cdy AVL thuc hién gidng nhu trén CNPTK. Chi sau khi hiy, néu tinh
can b?mg cua cay bi vi pham ta s€ thuc hién viéc can béng lai.

Tuy nhién viéc can bang lai trong thao tac huy s& phirc tap hon.
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